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ABSTRACT 
Algebraic systems of higher order cohomology operations derived from the p-divisibility of the 
Chern character a e considered here. Two such systems, dual to one another, are constructed and 
several applications thereof are given. Higher order product formulae are also considered. 
INTRODUCTION 
It is our purpose, here, to present an overview of some recent work done on 
the development and applications of certain "algebraic" systems of higher 
order cohomology operations. These operations hall be defined in a purely 
algebraic fashion which makes use of the "p-integral divisibility" behaviour of 
the Chern character described by Adams in [1]. The resulting systems or 
"pyramids"  of operations (in the sense of Maunder [16 and 17]) will be defined 
on the evenly graded 7/p-cohomology of spaces whose integral cohomology is 
free of p-torsion. Amongst the advantages of our approach are the facts that: 
(i) the algebraic operations which we shall define coincide in value with many 
classical operations in the literature but often have less, or more easily 
computed indeterminacy; (ii) our operations, owing to the manner in which 
they are defined, are frequently far more calculable than the higher order 
operations generally considered; (iii) several of the operations which we shall 
present below, admit particularly "nice" higher order Cartan-like formulae. 
We organise our presentation i  the following manner. We shall begin by 
defining a pair, dual to one another in the sense of [18], of "pseudo"  primary 
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cohomology operations. These shall be endomorphisms of the evenly graded p- 
local cohomology of spaces, the integral cohomology of which is free of p- 
torsion. These homomorphisms are very nearly primary cohomology operations 
but for the fact that they lack the key property of being natural with respect to 
maps of spaces. This lack of functoriality, however, turns out to exhibit rather 
orderly behaviour and can be calculated explicitly. Further properties of these 
pseudo perations, uch as their obeying certain "generalised Adem relations," 
shall be discussed, as well. 
In the second chapter, we shall define our higher order pyramids based upon 
the pseudo primary operations defined in chapter I. Moreover, a technique 
called pyramid mixing will be introduced which shall provide us with a means of 
generating operations which admit particularly "nice" product formulae. 
The last chapter shall concern itself with various applications and calcu- 
lations of the operations defined in chapter II. Higher order product formulae 
will also be considered. 
As it is our central purpose to present a survey of results in this area, proofs 
shall either be broadly sketched or omitted altogether. Many details will also be 
suppressed. A good general reference shall be [8]. The reader may also wish to 
consult [9]. 
Lastly, the author wishes to exploit his opportunity to express his gratitude 
to several individuals and institutions. Thanks are due, in the first instance, to 
Linacre College, Oxford and to the Catholic University of Nijmegen for their 
generous financial support. Secondly, Professors I.M. James (Oxford), H.O. 
Singh Varma (K.U.N.), S. Gitter (Centro de Investigacion del I.P.N. - 
Mexico) and E.G. Rees (Oxford & Edinburgh) are all owed thanks for a great 
deal of help and guidance that they have extended to the author. Willy v.d. 
Sluis-Gerritsen is to be commended for her usual splendid job of typing this 
paper. Lastly, and, perhaps, most importantly of all, the author's very sincere 
gratitude is due to Prof. Dr. J.R. Hubbuck (Oxford & Aberdeen) for the 
generous giving of his time, knowledge and perspective during the writing of [8] 
and thereafter. 
I: THE PSEUDO PRIMARY OPERATIONS 
Let us begin by introducing some notation which we shall use throughout the 
duration of this report. We shall be working in the category the objects of 
which will be topological spaces with the homotopy type of a CW complex of 
finite type for which the integral cohomology is free of p-torsion, for some 
fixed prime p. The morphisms of our category will be homotopy classes of 
continuous maps of such spaces. This category shall be denoted by ~.  
Let Qp indicate the subring of the rational numbers where the denominators 
are all relatively prime to p. We will write H*(X) and K*(X) in place of 
H©~,(X) and K©~(X), the cohomology and zero-graded unitary K-theory, 
respectively, of a space X, with coefficients in ©p. Let Zp denote the integers 
modulo p, Z/pZ. The obvious homomorphisms: O: Z~7/p, Q': Qp-'-~7/p, 
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k: 7/~Q, k ' :g~Qp and 1: Qp~Q induce the coefficient homomorphisms in 
cohomology: ~., Q ., k ,, k'. and l,, respectively. 
Let X be a space in Jp. We write the standard skeletal filtration as follows: 
(1.1) K(X)=Ko(X)~_K1(X)~_.. .~Kn(X)~_.. .~ *. 
Because we will be working frequently with the residue classes rood (p -  1), 
we shall fix the notation, m =p-  1. We will write ch n for the component of the 
Chern character in dimension 2n. 
Before we can define our pseudo primary operations, we must make several 
observations about K-theory in our category ~p. We know from [2] and [ll] 
that p-localised unitary K-theory splits up into a direct sum of K-theories, one 
for each of the rood m residue classes. Thus, we have: 
m-1 
(1.2) K(X) = (~ K(X) (i). 
i=O 
Such a decomposition is respected by the action of the Adams operations, ~,k, 
and it induces a mod m residue class splitting on the skeletal filtration, (1.1). 
The following theorem which is due to Adams and Hubbuck ([2], [3] and [11]) 
makes this more precise. 
1.3 THEOREM. There is a canonical direct sum spfitting iven by (1.2) such 
that: (i) each K(X) (i) is closed under the action of  q/k, for each k ~ 7/; (ii) the 
associated graded group is defined by K2,(x)(i)/K2, + l(X)(i): = Gz~K(X)(i) and it 
equals the usual associated graded group, G2,K(X), if and only i f  n -- i rood m. 
I f  n -~ i mod m, G2nK(X) (i) = O. 
Now, given that the p-local K-theory breaks up into m summands, we may 
consider the associated split, local cohomology. This is related to the split K- 
theory as follows: 
1.4 PROPOSITION. There exists an isomorphism, J :Hev(X)~K(X) ,  for 
X~ Yp, such that: (i) j(H2n(X)) c K2n(X); (ii) the composition of  J with the 
quotient map, I2~ : K2n(X)--+K2n(X)/K2n+ I(X)= H2n(X), is the identity map on 
H2n(X); (iii) we may decompose J into a direct sum Qm=~l j(i) such that 
j(i) : H2,(x)(i)__+K2,(X)(i) where H2~(X) (i) defined to be K2,(X)(i) /K2, + ~(X)(i). 
From this point onward, we shall only consider "splitting isomorphisms" of 
this form, namely, those J 's  that satisfy (1.4). 
1.5 DEFINITION. A cohomology class, x~H©~(X)  is said to be integral 
mod p if it lies in the image of 
1. : Hn(X) ~ H©'(X) .  
We have the following theorem of Adams [1]: 
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1.6 THEOREM. Let ~ be a complex vector bundle over a CW complex, X, 
such that q is trivial when restricted to the (2q- l ) -skeleton of X. Then 
prchq + rml'l is integral mod p. 
Now we are in a position to define our pseudo primary cohomology 
operations. These will be homomorphisms on cohomology groups defined on 
and evaluated in He°(yp), the subring of H*  with even grading and arguments 
taken from our category, gp. 
1.7 DEFINITION. Let J be a splitting (satisfying (1.4)) and let u be any 
element of H2n(x), for Xe  ~ and n e 7/+ , the non-negative integers. Then, for 
each q_> 0, we define a pseudo primary cohomology operation of degree q and 
of the first kind by 
1, lpqchn+qmJ(u). 
We shall denote this "operat ion" by 6) q :H2n(X)---~a2n+2qm(x). We set the 
convention that 6)q(u) = 0, for q < 0. 
1.8 REMARKS. (i) The first thing we wish to point out about (1.7) is that 
l ,  1 is well-defined on pqchn+qmJ(u ) by virtue of (1.6). 
(ii) Secondly, we know that u eKEn(X)/K2n+ 1(X) since X was chosen from 
Jp. Thus, J(u) is a virtual vector bundle that is trivial over the (2n - 1)-skeleton 
of X and, consequently, we shall be free to invoke Theorem 2 of [1] without 
requiring that X be (2n-  1)-connected. Doing so yields: 
1.9 PROPOSITION. For Xe  gp, the following diagram commutes: 
oj H2n(s) , H2n+ 2qm(g) 
"E 1 
I-I~_2H(X ) x ¢q , I-l~2H-l- 2qm(x )
Here and throughout this paper we shall use g to denote the canonical anti- 
automorphism of the Steenrod algebra. Moreover, we shall always take ~q to 
mean yq2q in the case p = 2. 
The property that will turn out to be very useful in the evaluation of higher 
order operations derived from Off is established in the following manner. Let X 
and Y be spaces in Yp and let f :  Y~X be a morphism in this category. We may 
choose splittings of the proper sort (i.e. those satisfying (1.4)), J and L, say, 
taking Hev(X)~K(X) and He°(y)~K(Y), respectively. We define a homo- 
morphism fjL by requiring the commutativity of the following diagram: 
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(1.10) 
He°(x) ' K(X) 
L He"(Y) , K(Y). 
As J and L are both isomorphisms, this homomorphism, fJL, is well defined. 
Thus, by (1.10) we have Lfj  L =f!J. Taking the Chern character of both sides of 
this expression we get: 
(1.11) ch Lf j  L = ch f!J. 
Recalling that the Chern character is a natural transformation of cohomology 
functors, we may write (1.11) as: 
(1.12) ch Lfj  c =f*ch J. 
Because J and L were chosen such that they satisfy (1.4), the diagram (1.10) 
must commute for each residue class mod m. That is, for some fixed n and 
some j~[0 ,m-1]  such that n=-j(m), we get the following commutative 
diagram: 
(1.13) 
H2n(X)(j) J(J' , K2n(X)(J) 
Hev(y)(j) L(J) , K2n(Y)U). 
Now, by (1.3), Kzn+I(Y) (j) =K2n+2(Y)  U)= ... =K2n+2m(Y) (j). Thus, fj/~ can be 
written as a sum of linear maps: 
(1.14) fJL = • fi 
i_>0 
where each fi raises degree by 2im and where f0 =f* .  
Now, for any fixed n and q, we may consider the component of (1.12) in the 
dimension 2n + 2qm: 
(1.15) chn+qm Lfj  L =f*  chn+qm J.
Multiplying both sides of this last equation bypq, applying l ,  1 and substituting 
in the value forfjL given by (1.14), we see that we have proved the following 
important formula which measures the deviation from naturality of our pseudo 
primary operation: 
1.16 THEOREM. Under the above hypotheses: 
q 
f *Off= 2 Pq-iOifq-i:H2n(X)~H2n+2qm(y). 
i=0  
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1.17 DEFINITION. Let J be a splitting and let u be any element of H2n(x), 
for X~ ~p and n~Z +. Then, for each q>0,  we may define a pseudo primary 
cohomology operation of the second kind, Off, by the formula: 
q 
(1.18) X oq-ioij(u)=OE:-n2n+2qm(x), 
i=0 
where, for q = 0, we define Of(u) = u and where we set Off(u) = 0, for q < 0. The 
result is a homomorphism of ©p-cohomology roups of spaces in Yp: 
O q : H2n(x) ---~H 2n + 2qm(x), 
the formal inverse of @q. 
1.19 PROPOSITION. Let Xe ~.  Then the following diagram commutes: 
oy 
H2n(x) , H 2n + 2qm(y ) 
l_l~2n(x) "q 2n + 2qm , H~p (x) 
Now, it turns out that the two pseudo primary operations, 0 ]  and O q, are 
not only one another's formal inverses, but are also dual to each other in the 
sense of [18]. More precisely, let Xand Ybe two spaces in ~p, Spanier dual to 
one another. We shall denote by ( , ) the usual cohomology pairing induced by 
the duality ([12] and [19]) and choose elements u and o in I~e°(x) and 1-71e°(Y), 
respectively. 
Let J be a splitting for H*(X) and define a splitting for H*(Y),  J as  follows. 
Let w be an element in K(Y) and denote by ( , )K the pairing in K-theory corre- 
sponding to ( , ) [12]. Then we define Jby  the relation: (J(u), w)K = (u, J -  l(w)). 
With these hypothese we have: 
1.20 THEOREM. (Oqu, V) = (U, oqo) .  
Dual to the deviation from naturality formula for @q, we have: 
1.21 THEOREM. With the notation of(1.16), we have: 
q 
oq f * = ~ pq-ifq_iO~j : n2n(s)"-~n2n+ 2qm(y ). 
i=0 
In [1 1] and [10], Hubbuck defines a pair of cohomology homomorphisms, Sff
and Q], in terms of the action of the Adams operation, ~,k. It turns out that 
these homomorphisms agree completely with our pseudo primary operations. 
That is to say, we have: 
1.22 THEOREM. S q = Oq and Qq = 0 q. 
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Because of this last correspondence, weare free to conclude that our pseudo 
primary operations obey the so-called "generalised Adem relations": 
1.23 THEOREM. Let k be any positive integer prime to p. Then we have: 
T~(k) = (1 - kqm)O~ + (km - kqm)O~ - '01 +... + (k (q- ,)m _ kqm)OJO~- i 
- 0 ,  mod pq. 
We conclude this chapter with a brief discussion of the multiplicative be- 
haviour of the two pseudo primary operations defined above. The first point to 
be made is that it will not be possible, in general, to find a splitting iso- 
morphism, J, which will be a ring isomorphism. However, for any two 
elements, u and t) in I-Tier(X), it will, indeed, always be possible to find a J such 
that J(u). J(v) = J(u. v). In general, multiplication i the filtered K-theory of two 
elements, J(u) and J(v), produces "error terms" in filtration higher than that of 
J(u). J(o). We do have, however: 
1.24 PROPOSITION. (i) Let uEH2n(x) and oeH2k(X), for  some Xe  ~.  
Let J be any splitting satisfying (1.4). Then 
J(bl)" J (o)  = J (u .  o) mod K2n + 2k + 1 (Y ) .  
(ii) H©ev(x) =K© °(X) is a ring isomorphism. 
In order to deal with these "error terms" in a systematic way, we make the 
following definition. 
1.25 DEFINITION. Let Mf:H2n(X)  xH2k(X)-'*H2n+2k+2im(x) be the 
mapping defined by (u,o)~j-l( J(t.t). J(o)), restricted to the dimension 
2n+2k+2im,  for i_>0. 
It is evident from the definition that: 
(1.26) J - l ( J (u) ' J (v))  = 2 MSi(u,v) 
i>_O 
and that MJo(U, v)= u.o. Where confusion is unlikely, we will suppress the 
superscript, J. Using the above notation, we have: 
1.27 PROPOSITION. 
q 
(i) Oq(u • v) = ~ ~ prMr(Oj(u), oJ(v)), 
r=0 i+j=q • 
q 
(ii) ~, prOq-r(Mr(u, v)) = 2 oij(u)" OJs(V). 
r=0 i+j=q 
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1.28 COROLLARY. (i) I f  J is a ring homomorphism, we have: 
O (u. o) = 
i+j=q 
(ii) I f  J is such that J(u. v) =J(u).J(v), then: 
i+j=q 
II: PYRAMIDS OF HIGHER ORDER OPERATIONS 
In this chapter we shall sketch the inductive construction of pyramids (in the 
sense of Maunder) of higher order cohomology operations based upon the mod 
p integral "p-divisibility" of our pseudo perations. Both the homomorphisms, 
O q and O q, will yield such systems, the main characteristics of which will be 
presented, below. We shall also devote some attention to the procedure known 
as "pyramid mixing". This will result in certain "mixed" higher order 
operations for which "generalised Cartan formulae" shall take on a 
particularly nice form. We shall return to this last point in chapter III. 
Let us begin by establishing some notation. 
2.1 DEFINITIONS. (i) Let {ui} be a vector in the ©p-cohomology of some 
space, Xe  ~,  where ui~H2n+2im(x), for i between 0 and some given non- 
negative integer, s, and where n is some fixed natural number. For a given 
q >s->0, we shall denote a sum of pseudo primary cohomology operations of 
the first kind, of degree q and type s by the expression, ~s= 0 0 ff-i, defined 
upon a vector, {ui}, and taking values in H2n+Eqm(x). 
(ii) Let {ui} be as above. Suppose that there exists a J such that 
(£)q - iu  i = 0( ~ H 2n + 2qm(x)  ) 
i=o 
is divisible byp r-s- 1 for some r>s. Then we shall say that [J, {ui}] is a (q,r,s)- 
pair of the first kind. (Pairs of the second kind and mixed pairs shall be defined 
below. Until then, and where confusion is unlikely, we shall suppress explicit 
mention of kind.) 
We construct pyramids of higher order operations from these sums of pseudo 
operations in the following way. Suppose, for given n,s,r and q e 7/+ (with 
q>_r>s) and an Xe~p,  we have a 77p-cohomology vector, {Xi}, with 
T ~,2n + 2imr v-x X i~l -1 /Z  p tAJ, for O<i<_s, such that the following property is satisfied: 
there exists a splitting, J, such that [J, {ui}] forms a (q,r,s)-pair for some ©p- 
lifting, {ui}, of the given 71p-vector. If this is the case, we define an operation 
(of the first kind) of degree q, type s and order ( r -s )  by: 
(2.2) ~'S{xi}=p',[ ~ eJ-iui/pr-S-1]/Q(cp~'s), 
i=0 
where Q(79 denotes the indeterminacy of the operation ~, and where J and 
{ui} run over all possible (q,r,s)-pairs associated with the vector, {xi}, in the 
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sense described above. It will turn out that the domain of definition of the 
operation given in (2.2), the set of Zp-Vectors which admit at least one (q, r,s)- 
pair, will coincide precisely with the kernel of the operation, °st- 1,s Moreover, ~q •
the indeterminacy of the operation which is generated by the various choices 
made in finding a splitting and a ©p-lifting, will be exactly the image of the 
operation, o5 ~'s+ 1~q • 
For a fixed N,q, ne7/+ with q>_N, and some fixed Xe  4 ,  we construct a
pyramid of cohomology operations, {~g,S}, where N>_r>s>_O. The construc- 
tion will be inductive on the order of the operations. For any r and s such that 
N>_r>s>_O and r - s= 1 we get, by virtue of (2.2) and (1.9): 
(2.3) r,s ~ )~q- i :  + [.4772n+2irn(~'~ .rr-n2n+2qm . . . .  ~ q = . ~ ~p x~ ~ j --" l'l ZLp I A ) .  
i=0 /=0 
This is a primary operation and, consequently, is universally defined and has no 
indeterminacy. It serves to start the induction. Higher order operations can be 
defined in a way consistent with (2.2) and such that: 
(2.4) r,s. r - l , s  C + I - l~2n+Zim(x) -+Cok  =q qSq Key Cq _ 17Dr, s+ 1 
i=0 
Furthermore, the operations will obey: 
Ker q~,s c_ Ker ~q°~r- l,s(2.5) 
and 
(2.6) Im r s ~q' _~ Im o5 r's+ 1 rq  
where (2.6) is to be interpreted in the following strong sense. Given a 
cohomology class, z, in the image of asr's+l coming from a particular 
(q,r,s+ 1)-pair, [J, {ui}], there exists a (q,r,s)-pair, [L, {vi}], say, such that ~q,S 
defined using L and {vi} gives precisely the same cohomology class, z, with no 
indeterminacy. 
One can prove the following: 
2.7 THEOREM. With the above notation, thepyramid {q~q,S}, N>r>s>O, 
forms a well-defined system of cohomology operations atisfying (2.2), (2.4), 
(2.5) and (2°6). 
Pictorially, we may represent this pyramid, where N= 5, for example, by: 
Indeterminacy= J q}q5,0 ~ Domain= 
4 o Intersection Kernels Union of Images ~qSSq,1  q~q4,O ~ of 
5,3 (ib4, 2  ~q  3,1 {i~ 2, 0 ~,..- I~}u'3 -q  "~ 
5,4 4,3 3,2 2,1 1,0 
2 .8  F IGURE.  A typical pyramid. 
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2.9 REMARKS. (i) The above diagram represents a pyramid of coho- 
mology operations, generated by the pseudo primary operation, O~. Here we 
have taken N= 5 and have allowed r and s to run over all values in the range, 
5 >_r>s>_O. By (2.4) and (2.5), we see that every operation is defined on the 
kernel of the operation, one step clown and to the right of it. By (2.4)'and (2.6), 
we calculate the indeterminacy of a given operation by computing the image of 
the operation one step below and to the left. Because (2.6) holds in the strong 
sense given above, we find that the union of the images on a diagonal coincides 
with the image of uppermost operation. This is a particularly valuable feature 
of the above-defined operations. The advantages gleaned from this character- 
istic will demonstrate hemselves in the calculations of chapter III. 
(ii) The operations in (2.7) are natural and stable under double suspension. 
2.10. THEOREM. There exists a chain complex in the sense of Maunder 
[1 6] such that the associated pyramid of operations coincides, modulo indeter- 
minacy, with { ~q,S}, when the former is restricted to the category, ~ .  
The pseudo primary operations of the second kind also admit a similar con- 
struction and provide us with a system of higher order operations, dual to those 
of (2.7). We shall require some notation. 
2.11 DEFINITIONS. (i) Let@~=0 o~-i be a direct sum of pseudo primary 
operations of the second kind. We shall say that such a sum is of type s and 
degree q (q>_s). It will be defined on any element u6HEn(x) and will take as 
value a vector of elements in @s= 0 HEn+2(q-i)m(x). 
(ii) Let n,q,r, seZ  + be given such that q>_r>s>_O. Let u be an element in 
HEn(x) such that: 
and 
• ~q-i u -O  mod p r-s- I 
i=0 
@OJ- i - Ju - - -Omodp r-s-j, l<_ j<r -s -1 .  
i=0 
Under such conditions we shall say that [J, u] forms a (q, r, s)-pair of the second 
kind. 
The construction of our pyramids of the second kind will mimic our above 
presentation to some extent. We shall proceed as follows. Suppose, for a given 
n,q,r, seZ  + as above, and an Xefp ,  we have cohomo!ogy class, x~HZ2"(X) 
such that there exists a splitting, J, which forms a (q, r,s)-pair (of the second 
kind) for some @p-lifting, u, of our given class, x. Then it follows that 
67) q-i u= {Yi}=_O mod pr-s-1 
i=o 
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(i.e., each Yi isp r-s- 1 divisible for each i t  [0,s]) and, thus, we are free to divide 
{Yi} by pr-s-1 in the context of ©p-cohomology. Doing so and then reducing 
mod p determines the coset value of our ( r -  s) th order operation (of the second 
kind), acting on x. We denote this by: 
(2.12) q~ s. , q' (x) = Q.[ + (~q-iu/pr-s-1]/Q(Cbq's), 
i=0 
where J and u are allowed to run over all suitable values. As before, it is the 
choices involved in producing a (q, r, s)-pair associated with x which generate the 
indeterminacy, Q(~q,S). In contrast o the higher order operations of the first 
kind, however, the choice of splitting offers no contribution to the indeter- 
minacy. This is a result of the rather more stringent conditions that pairs of the 
second kind must satisfy (in contrast to pairs of the first kind). It will turn out 
that the value of the indeterminacy of ~q,S shall be precisely the image of the 
operation, ~q- l,s, with no indeterminacy. The domain of definition will be the 
kernel of the operation, ~r,s+l That is to say, our operations of the second rq  • 
kind will be defined such that: 
~r- l , s  -~,s+l C_/4~2,(X)__,Cok -q • (2.13) ~q,S: Ker Cj q 
Moreover, the following two properties will be exhibited: 
-r-  1,~ (in the strong sense of (2.6)) Im ~,s ~ Im q~q (2.14) 
and 
(2.15) -r,s ~r,s+ 1 Ker ~q CKer  -- rq  
Now, fix an N between q and 1. We have the following result: 
2.16 THEOREM. (i) With the above notation, the pyramid {~q,s}, 
N>_r>s>_O, forms a well-defined system of higher order cohomology 
operations atisfying (2.12-2.15). 
(ii) The operations in such a pyramM are Spanier dual to those in the 
corresponding pyramid given in (2.7), when both operations are defined. 
We may depict such a pyramid as follows (again we have chosen N= 5): 
Indeterminacy = /~qS,0  ~ Domain = 
Union of Images ~ ~qS, l~sect ion  of Kernels 
/ -~2 ,0  -3,1 -4,2 ~,3~ ,/,,.- - q (~q (~q 
~1,0 (~2,1 ~3,2 ~4,3 (j~5,4 
2.17 FIGURE. A typical pyramid of the second kind. 
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2.18 REMARKS. (i) In comparison with (2.8), the pyramid of operations 
of the second kind is reflected about a vertical ine through its centre. After this 
reflection, the domains and indeterminacies are computed in the same way as 
in (2.8). 
(ii) Again, as in (2.9), we point out that the indeterminacy an be expressed 
in terms of the image of a single operation, with no indeterminacy. This is a 
result of the "strong inclusion" given in (2.14). 
(iii) The operations of the second kind, defined above, are natural and 
stable under double suspension. 
2.19 THEOREM. There exists a chain complex in the sense of Maunder [16] 
such that the associated pyramid of operations coincides, modulo indeter- 
minacy, with {qBq'S}, when the former is restricted to the category, Jp. 
2.20 REMARKS. The operations, ¢~q,S and qS~ s turn out to coincide with 
several specific examples of higher order operations that appear, repeatedly, in
the literature. For example, in ~p: 
(i) ~3q 2'° is the operation @q of [14] forp an odd prime. That is to say, ~2,0 is 
the stable secondary cohomology operation associated with the following Adem 
relation: 
(.~lfl) ~q- 1 _ (q _ 1)fl~q _ ~qfl = O, for p odd. 
(ii) For p=2,  ~2,02j is ~4j of [7] and [6]. Thus, ~22) ° turns out to be the 
secondary operation associated with: 
~q~ jq4j + ( yq2 jq~) yq4j-2 + yq4j yq~ = O. 
(iii) When p = 2 and q is arbitrary, ~2,0 is the secondary operation studied 
in [6], [4] and [5] (to name a few) based upon the relation: 
yql yq2q + (5:ql 5:q2 + yq2 5,~ql)yq2q-2 + yq2q yql = O. 
We end this chapter with a brief discussion of the notion of pyramid mixing. 
The pyramids of higher order operations considered above were based upon the 
integral p-divisibility of sums of pseudo primary operations of either the first or 
second kind. Here, we generalise this procedure by basing pyramids of 
operations upon direct sums of such sums (where the splitting isomorphism is
the same in each summand). Consider the expression: 
Sl S2 St 
(2.21) 2 Pa'Offl-i(~ 2 Pazo)j2-i(~."(~ 2 P ato)qt-i, 
i=0  i=0 i=0 
defined upon a vector in 0)/k= 0H2n + 2ira(X) (Y  E ~p), where k = max (sl, s2 .... , st). 
This expression will take its values in ~=0 H2n+2qim(x) • Similarly, one may 
consider an expression of the form: 
S I S 2 S t 
(2.22) 0 palOql-i(~ (~ Pa2~q2-i(~ ...(~ (~) P at~qt-i. 
i=0  i=0 i=0 
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This direct sum of direct sums of pseudo primary operations of the second kind 
is defined upon a single element in H2n(x) (X6  ffp) and takes values in @~-= 1
@i sy 0 Hzn + 2(qj- i )m(x) .  
2.23 DEFINITIONS. (i) With the above notation, let {ui} be a vector in 
(~/k= 0 H2"+:im(x) such that [J, {ui}] forms, simultaneously, a (qj, rj, sj)-pair of 
the first kind, such that r j - s j+a j  equals some fixed h eZ  +, for all j e  [1, t]. 
Then we shall say that [J, {ui}] forms a (ql *q2*... *qt, rl *rE*... *rt, sl *s2*... *st)- 
mixed pair of the first kind. 
(ii) Let [J, {ui}] be such a mixed pair. We shall define an operation of order 
(rl -Sl, r2 -s2 ... . .  rt -st),  degree (ql, q2 ..... qt) and type (Sl,Sz, ...,st) such that its 
coset value is given by the t-tuple, {vj}, where: 
sj 
(2.24) oj = Q~[ i~=o 0qj- iui/prj-sj-1]; 
We shall denote this mixed operation by ~ rl ..... rt's~ ..... st It shall be defined 
ql *'"*qt 
on a Zp-Vector, {xi}, such that there exists some ©p-lifting, {ui}, which forms 
a mixed pair as in (2.23-i) when taken together with some splitting iso- 
morphism, J. 
In contrast to our "unmixed" operations, we shall not exclude the case where 
(rj-sj) is < 1. By (2.24), one sees that oj-= 0 for each j such that ( r j - s j )< 1. 
We simply exclude these oj's from consideration. In this way, for example, 
tp3.2.-2,1.2.0 would be considered equivalent o the "unmixed" secondary 5*3*2 
operation of the first kind, ~3,1. One has: 
2.25 THEOREM. { 05rl ..... rt'sl ..... st~ forms a well-defined system of  coho- 
~ql  *"" *qt J 
mology operations uch that: 
(i) qMl*"* r t ' s l * *St 'Ker  ~r l - l * ' " * r t - l 'S l * ' " *s t f -  
ql *'" *qt " ~q l  *'" *qt 
k 
(~ n~ 2n + 2 im(x)  ~ CoK 05 rl ..... rt, Sl + 1 . . . . .  s t + 1; 
rq l  *'''*qt 
i=0 
(ii) the indeterminacy o f  ~ rl ..... rt'sl . . . . .  st is precisely the image of 
ql *'"*qt 
~r  I *...*rt, s 1 + 1 *...*s t + 1 mod zero; 
ql *"" *qt 
• (iii) given any {Xi}  , O<i<_k, in Ker q~ `1-1 ..... rt-l'sl . . . . .  st, there exists an 
ql *"" *qt 
explicit (ql *... *qt, rl *... *rt, s1 *... *st)-mixed p air of  the first kind. 
2.26 REMARK. (i) Heuristically speaking, the point of these mixed 
operations i their "simultaneity." In order to be defined, they ask that various 
portions of one ©p-Vector form several pairs, simultaneously, when taken 
together with one particular splitting isomorphism. This characteristic will be 
seen to play a principal r61e in the definition of higher order Cartan-like 
formulae. We shall return to this point in the next chapter. 
(ii) By way of example, we present a diagram of the pyramid based upon 
the mixed sum of the first kind, type (1, 0) and degree (4, 6). Here we choose the 
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maximal order of the pyramid to be (4, 1): 
tj~5*l, 1.0 
4*6 
t~5,1,2.1 
4*6 
•j 4.0, 1 *0 
4*6 
tj~ 5"1, 3"2 tt5 4 ~'0, 2" 1 ~3-  6- l, l*0 
4.6 "x~'4.6 
•5.1,4.3 d~ 4"0, 3 "2 ~43-6 - 1,2.1 ~2-6  2, 1 *0 4.0 "x~4.6 
2.26-ii FIGURE. A mixed pyramid of the first kind. 
As in (2.8), the indeterminacy is determined by the union of the images of 
operations, below and to the left. The domain is calculated by taking the inter- 
section of the kernels of operations, below and to the right. 
Similarly, one may define mixed pyramids of the second kind. These will be 
based upon expressions of the form of (2.22). 
2.27 DEFINITIONS. (i) With the above notation, let u 6H2n(x)  be such 
that [J, u] forms, simultaneously, a (qj, rj, sj)-pair of the second kind such that 
rj - s j  + aj is equal to some fixed h E Z +, for all j e [1, t]. Then, we shall say that 
[J, u] forms a (ql *... *qt, rl *... *rt, Sl *... *st)-mixed pair of the second kind. 
(ii) Let [J, u] be such a pair. We shall define an operation of order 
(rl -S l  .... .  rt -st) ,  degree (ql . . . . .  qt) and type (S 1 . . . . .  St )  such that its coset value 
is given by t ?Tp-Vectors of lengths l, s2, ..., st, respectively: 
s I s t 
(2.28) p',[( @ oql - iu /pr ' -s ' - l )  .... ,( @ Oqt-iu/pr'-s'-~)]. 
i=0 i=0 
We shall denote this mixed operation of the second kind by ~r~ ..... rt,s I..... s, It 
q l *"" *qt 
will be defined on some Zp-class, x, such that there exists a splitting, J, as well 
as a @p-lifting of x, u, such that [J, u] forms an appropriate mixed pair. As 
above, we shall allow the values of (r i - sj) to fall below I. For each j where this 
is the case, the corresponding vector will simply be ignored. 
One can prove: 
2.29  THEOREM. -ftl~rl . . . . .  rt'sl ..... st~ forms a well-defined system of  coho- 
t ~q l  *"" *qt J 
mology operations uch that: 
(i) o~rl . . . . .  r"sl ..... St'Ker ~ rl . . . . .  r t 'S l+ l  . . . . .  s t+ l  C n~2n(s ) " - " *  
rq l * " ' *q t  " ql * " ' *q t  m 
Cok I~ql 1~..1. *q; *r, -- 1, S 1 .... *st; 
(ii) the indeterminacy of  the operation given in (i) is precisely the image of 
~q,:.l.:qi*r,-1,sl ..... s; mod zero; 
t~r l  *...*rt, sl + l*...*st + 1 (iii) given any x in the kernel of  rq l  . . . . .  qt , there exists an explicit 
(ql *... *qt, rl *... *rt, sl *... *st)-mixed pair of  the second kind. 
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2.30 REMARK. As in (2.26), we present an example of a mixed pyramid. 
Here, our pyramid will be based upon a mixed sum of the second kind, of 
degree (6,5) and type (0,l). 
The maximal order in the pyramid will be (4,2): 
-4*3,0*1 
@6*5 
-3*2,0*1 
@6*5 
-4*3,1*2 
@6*5 
-2-l 0*1 
@6*5’ 
-3*2,1*2 
@6*5 
-4*3,2*3 
@6*5 
-l*O,O*l 
@6*5 
-2*1,1*2 
@6*5 
-3*2,2*3 
@6*5 
-4*3,3*4 
@6*5 
2.30-i FIGURE. A mixed pyramid of the second kind. 
As above, the indeterminacy is determined by the union of the images of the 
operations, below, and to the left. The domain is calculated by taking the inter- 
section of the kernels of operations, below and to the right of the operation in 
question. 
III: SOMEAPPLICATIONSANDCALCULATIONS 
This chapter shall be devoted to applying the machinery built up in the 
sections, above. These applications will be of a rather eclectic nature and will 
include calculations of higher order cohomology operations in IIiZI,*(CF) and 
IQ:(X), where X is a finite H-space whose Z3-cohomology algebra is iso- 
morphic to that of E,, the exceptional Lie group. We shall also turn our 
attention to the development of several particularly “attractive” Cartan-like 
formulae for higher order operations. By “attractive” we mean having a low 
level of indeterminacy or a small number of terms or both. We shall begin with 
the last-mentioned item. 
Let X be any space in 4 and suppose that u and u are elements in H2”(X) and 
H2’(X), respectively. We denote by x and y the respective P&-reductions of these 
elements. We claim that if x and y belong to the respective domains of two 
particular mixed operations which satisfy certain conditions, then an Nth-order 
(unmixed) operation is defined on the product, x-y. The Nth order operation 
acting on x-y is then defined in terms of the two mixed operations acting on x 
and y. More precisely, we have: 
3.1 THEOREM. (i) Suppose there exists an operation 
qP&;~,~;.o*.-*~, 
which we shall denote by 52, such that it is defined on x. Suppose, moreover, 
that there exists some operation, 
which will be denoted by Y, such that it is defined on y, where Ci + Bi = N+ 1, 
for 15 isq + 1. Then, modulo the total indeterminacy we have that @F” is 
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defined on (x. y) and: 
~N, O(x" y) = ~(X)^ ~'(y), 
where ^  means the sum of the result of  termwise multiplication. 
(ii) Part (i) remains true when we substitute corresponding operations of 
the second kind for those of the first kind, throughout. 
In a similar vein, we have (with the same notation): 
3.2 THEOREM. Suppose that [J,u] and [J,o] are both (2q,q,q*q,O*O)- 
mixed pairs of  the second kind for some splitting, J, Then ,~q,q,O,O (which we "~'2q*q 
shall denote by ~) is defined on (x. y) and, modulo the total indeterminacy, we 
have (where • is interpreted as being distributive over pairs): 
~'(x. y) = ~(x). y + x. ~0'). 
Yet another esult of this type is (see [9]): 
3.3 THEOREM. Suppose that ,~2q,  is defined on x and on y. Then ~q,qo is ~t~,2q 
defined on x, y and on x. y and, modulo the total indeterminacy, one has: 
~qb°(x.y) = ~/~°(x).y + x. CqbO(y). 
3.4 REMARKS. (i) There are several second order "Cartan formulae" in 
the literature to which (3.1) might be compared. Let us consider one in parti- 
cular: 3.4 of [14]. If we takep to be odd, q=3 and N=2 and apply (3.1-ii) we 
,.i~l *l *2*2,0*... *0 r~2"2"1"1,0 . . . . .  0 = ~ is defined on x and if ~'0,1,2,3 = ~" is defined get that if ,, 3.2,1,0 
,~2,0, ~ - on y, then q532'° is defined on x.y  and that ~'-3 (x.y)= (x)A~u(y) in 
2n+2r+6m HZp (X), modulo the image of ~3 If we take the same hypotheses and 
apply 3.4 of [14] (where we have take k = 3 and j  = 1), we get the same result but 
with greater indeterminacy. The value of Q in Kobayashi's result is 
Im[ 3 . 2n +2r+ +f  HZp 6re(K(7/, 2n) x K(Z, 2r))], 
where f is the map X--*K(Z, 2n) x K(2, 2r) defined by f(z) = (g(z), h(z)) with 
g : X--*K(Z, 2n) (respectively, h :X~K(Z,  2r)) such that g*(y2") = x (respectively, 
h*(yzr)=y), where ~2i is the rood p reduction of the fundamental class of 
t-I~2i(K(Z, 2i)). 
(ii) Taking q=2 in (3.3) yields the results of theorem 8.4 of [4]. As above, 
however, the value of the indeterminacy has been reduced in our case. 
Another sort of application which we shall present here involves the calcu- 
lation of higher order operations in the cohomology of particular spaces. Our 
first series of results takes place in the context of the ~72-cohomology of CP% 
Let z denote the image of the canonical two-dimensional generator under the 
mapping induced by the coefficient inclusion, ?/--*©2. We shall write g for the 
mod 2 reduction of z. Firstly, we have: 
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~-N O=k 3.5 THEOREM. I f  O~q'~ is defined to be the non-zero element in 
n--~2q + 2k g tF.Doo % - N, 0 2 t~-  s, then the indeterminacy of ~q is zero. 
With the help of this result we can generalise theorem A of [7]. 
3.6 THEOREM. Let k be some positive integer and consider the bundle, k~, 
where rl is the canonical ine bundle over CP% Suppose that there is some 
such that." (i) 2q <k, (ii) (~)  is divisible by 2 N for all t, l<_t <_2q- 1 integer q 
(k~ 2N_ 1 2N" -N, 0 -k and (iii) 2qJ is divisible by but not by Then q~2~ (z ) is defined and, 
with zero indeterminacy, we have 
3.7 COROLLARY. (i) ~2,0(g8) is defined and, with no indeterminacy, is
equal to ~12. 
(ii) q32'°(g 4) is defined and, with no indeterminacy, is equal to ~6. 
(iii) ~34'°(g16 ) is defined and, with no indeterminacy, is equal to g20. 
We remain in the context of/-/Z2*(CP°°). Let a(q) be the usual function which 
assigns to any positive integer the number of ones in its dyadic expansion. We 
continue to use the notation established above. We have: 
3.8 THEOREM. q~(q+l)'°(~)&definedand&equaltogq+l, withnoindeter- 
minacy. 
3.9 REMARK. One might be tempted to think that (3.8) could be extended 
using one of our higher order product formulae, above, to the following: 
~q(q + r)- ~(r) + l, 0(gr) = gq + l, mod 0. 
Applying such formulae can, however, produce additional divisibility. An easy 
counter-example to the above proposed theorem is ~,093 = 0. 
We conclude with a result of a rather different sort than the ones above. Let 
E s denote the exceptional Lie group and let X be a finite H-space such that, as 
an algebra, one has:' 
HZ3*(X) ~- H-Z3*(Es) = E(x3, X7, X15, X19, X27, X35, X39, X47) (~) T3 (x8, X20), 
where E denotes an exterior algebra and T3 denotes a truncated polynomial 
algebra of height 3. Given a Hopf algebra, A, we shall write PA and QA for the 
primitives and indecomposables of A, respectively. We claim that the algebra 
structure alone is sufficient o prove that E 8 is "irreducible mod 3." That is to 
say, E8 is not 3-equivalent to a product of non-trivial spaces. For the excep- 
tional Lie group, irreducibility was shown in [15]. In [13], Kane shows via a 
rather complicated BP argument that the algebra structure alone is sufficient to 
demonstrate irreducibility. We shall deduce this fact as a corollary of the 
following: 
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3.10 THEOREM. With X as above, ~2,o & defined on a generator, a46 of 
P/-/~46(g2X) and takes the coset of  a58, a generator of  PH-A~8(g2X), as value. 
3.11 COROLLARY. The X given above is not 3-equivalent to a product of 
non-trivial spaces. 
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